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Abstract We propose an implementation for expanding images of an object under 3DOF rotation with spherical
functions, an orthonormal basis on SO(3), and describe its applications to image interpolation and pose estimation.
Key words spherical functions, 3 DOF, orthonormal functions, expanding coefficients, associated Gegenbauer
function
1.
1 {xθ1 ,xθ2 , . . . ,xθn}, (θi ∈
[0, 2pi),xi ∈ RN )













n Sn = {p ∈ Rn | ||p|| = 1} C∞
Y`1,...,`n [5], [6] n = 1
n = 2
3 n = 3
[7]
n = 3 3
2. 1 S3
`1, `2, `3 ∈ Z, `1 >= `2 >= |`3| S3















b`1,`2,`3 [7] θ1, θ2, θ3 S
3
q = (q1, q2, q3, q4)
T ∈ S3 ∈ R4
q = ( cos θ1, sin θ1 cos θ2
sin θ1 sin θ2 cos θ3, sin θ1 sin θ2 sin θ3)
T
(2)
0 <= θ1, θ2 <= pi, 0 <= θ3 < 2pi
q = (q1, q2, q3, q4)


















































fg¯ sin2 θ1 sin θ2 dθ1dθ2dθ3 (7)
σS3 = 2pi
2 S3 (6)




2. 2 S3 SO(3)
q q ∈ Sp(1) = {q ∈ H | |q| = 1} 3
R ∈ SO(3) = {R ∈ R3×3 | RRT = I, |R| =
1}
Rq = q21 + q22 − q23 − q24 2q2q3 − 2q1q4 2q2q4 + 2q1q32q2q3 + 2q1q4 q21 − q22 + q23 − q24 2q3q4 − 2q1q2









Y`1,`2,`3(θ1, θ2, θ3) `1 ∈ 2Z




Y2,0,0 = 1 + 2 cos 2θ1 (9)
Y2,1,0 =
√
24 sin θ1 cos θ1 cos θ2 (10)
Y2,1,±1 = −2
√




2 sin2 θ1(3 cos
2 θ2 − 1) (12)
Y2,2,±1 = −2
√




3 sin2 θ1 sin
2 θ2e
∓2θ3i (14)
`1 = 2 9 3× 3 9
[7]
3.
3 R1, R2, . . . , Rn ∈ SO(3)
xR1 , . . . ,xRn ∈ RN
j (j = 1, 2, . . . , N)













































1 1 0 0 0
2 0 0





















(2L1 + 1)2 2L1 · · · · · ·






























j = 1, . . . , N
[










x1 · · ·xN
]
= [xR1 · · ·xRn ]T ∈ Rn×N , (19)
i Ri xRi j j
xj G = (Yk(Ri)) ∈ Rn×m
Ri k
C = (cjk) ∈ Rm×N k j
G G+




n m >= n


































L1 + 1 (22)
G. Peters [13] “Dwarf” “Tom”
2500 m(11) = 2299,m(12) =
2924 m(L1) >= 2500
L1 = 12 `1 = 0, 2, 4, . . . , 24
Ri Yk(Ri)
m
n m >= n G




m m > 10n
3. 3
SO(3) Yk × Gegen-









`3 = 0 cos(0) = 1 sin
Legendre
GSL (Gnu Scientific Library) [15]













mν(ν + 1) · · · (ν +m− 1)Cν+mn−m(x) (23)
SO(3)


























4 = 1 q
2 = 1− (q21 + q22 + q23)
d = 0, 1
Legendre Gegenbauer
Penna Dines [12]
3. 4 G C
C
G
R1, R2, . . . , Rn N
xR1 , . . . ,xRn
1 R1, R2, . . . , Rn
q1, q2, . . . , qn
4
2 2L1 m = m(L1)
3 Gegenbauer C1n 2 Chebyshev
Un C
1
n(x) = Un(x) [17, p.779]
C1n Un S
3 Matheny






1 Dwarf [13] (a) (b) Dwarf
3 G i = 1, 2, . . . , n
a qi θ1i, θ2i, θ3i
b k = 1, 2, . . . ,m 3. 3
Yk(θ1i, θ2i, θ3i) G ik
4 G (Yk(θ11, θ21, θ31), . . . , Yk(θ1n, θ2n, θ3n))
T
normj 1
NG = (norm1, . . . , normm)
G G = UDV T
G+ = V D−1U D
10−10 D−1 0





G. Peters [13] “Dwarf”
1(a)
φx = 0 ∼ 360[deg] 100
φy = 0 ∼ 90[deg] 25
3.6[deg] 2500 x0
φx = φy = 0[deg]
4. 2
1(b)









2L1 2 4 6 8 10 12
rank(G) 9 25 35 45 50 50








j /2) + sin(φ
x
j /2)(i+ 0j+ 0k) (27)
qyj = cos(φ
y
j /2) + sin(φ
y














φx = 0, 36, 72, . . . , 324 [deg] 10 φy =
0, 18, 36, 54, 72 [deg] 5 50
φz = 0[deg] (φy = 90[deg])
3
4. 4
2L1 = 2, 4, 6, 8, 10, 12 50
(15) 2
2 G 2L1 <= 8
G









2L1 = 2, 4, 6, 8
Shen Chung [11]






















1 [1], [3] θ
3 θ1, θ2, θ3
2 R1 R2 SLERP









ω q1 q2 cosω = q1
Tq2
qt θ1t, θ2t, θ3t
Y t = (Y1(θ1t, θ2t, θ3t), . . . , Ym(θ1t, θ2t, θ3t))
G Y t C
G
Y t NG
Y1/norm1, . . . Ym/normm
xˆt = Y tC
2L1 = 2, 4, 6, 8, 10, 12
4 2L1 = 0 ∼ 8
1
[3] 2L1 = 10, 12
G
1173
`1 0 2 2 2 4 4 4 4 4 6 6 6 6 6 6 6 8 8 8 8 8 8 8 8 8
`2 0 0 1 2 0 1 2 3 4 0 1 2 3 4 5 6 0 1 2 3 4 5 6 7 8
`3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0








`1 10 10 10 10 10 10 10 10 10 10 10 10 12 12 12 12 12 12 12 12 12 12 12 12 12 12 12 12
`2 0 1 2 3 4 5 6 7 8 9 10 10 0 1 2 3 4 5 6 7 8 9 10 10 11 11 12 12
`3 0 0 0 0 0 0 0 0 0 0 0 10 0 0 0 0 0 0 0 0 0 0 0 10 0 10 0 10
m′ 166 167 170 175 182 191 202 215 230 247 266 285 287 288 291 296 303 312 323 336 351 368 387 406 408 427 431 450
10
12
3 x m (m = m(L1))
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